Spherical pressure vessels are used to fully contain the effects of high explosions. In this paper, the vibrations of a spherical containment vessel undergoing elastic response are investigated. Vibration modes of containment vessels are of particular interest, as it is the superposition and interaction of different modes of response with closely spaced frequencies that has been reported to be the mechanism of 'strain growth'. First, the modal frequencies of a spherical shell for both axisymmetric and nonaxisymmetric response modes are discussed, based on a sequence of papers that have appeared in the open literature. Analytical predictions are then compared with numerical simulations using ABAQUS. It is found that the numerical simulations accurately predict both the axisymmetric and nonaxisymmetric modal frequencies for the complete spherical shell. Next, numerical simulations of modal frequencies for the more complex spherical containment vessel (with nozzles) are compared with the spherical shell results.
INTRODUCTION
Spherical pressure vessels used to fully contain the effects of high explosions generally fall into one of two categories: 1. Vessels designed for multiple use, in which the dynamic response of the vessel is restricted to the elastic range (e.g., see [1] ); and 2. Vessels designed for one-time use only, in which the vessel may undergo substantial permanent plastic deformations (e.g., see [2] ). In this paper, the vibrations of a spherical containment vessel are investigated for vessel response in the elastic range. These vibration modes, and particularly the spacing of natural frequencies, have recently been shown to be the mechanism of the 'strain growth' phenomenon [3] . 'Strain growth' is a phenomenon in which the maximum vessel response amplitude occurs later in time, i.e., well beyond the first response peak and in which the strain amplitude oscillates with time over an extended period (amplitude modulation caused by modal beating effects).
A typical spherical containment vessel, with nozzles, is shown in Fig. 1 . Vibrations of such a containment vessel are related to those of a complete spherical shell. Therefore, a review of the literature on vibrations of a complete spherical shell is first presented in the next section, followed by a comparison of natural frequencies of axisymmetric (Section 3) and nonaxisymmetric (Section 4) modes of a complete spherical shell with ABAQUS finite element predictions. Corresponding natural frequencies of the more complex, spherical containment vessel are also compared in Section 4. Limited frequency comparisons with experimental results are presented in Section 5, followed by a Conclusions section. 
LITERATURE SURVEY
Baker [4] extended the early work of H. Lamb [5] to determine the axisymmetric vibration modes of a thin complete spherical shell. He utilized a membrane shell theory and observed two types of vibration mode sets, falling on a lower and an upper branch. The lower branch was found to consist of an infinite number of modes, spaced within a finite frequency interval. Baker also demonstrated by experiment that the two types of vibration modes do in fact exist.
Silbiger [6] presented a brief discussion of the presence of nonaxisymmetric modes of spherical shells, using Baker's [4] two-branch, membrane solution as a basis. Silbiger states that nonaxisymmetric modes do indeed exist and that the corresponding frequencies are identical to the frequencies of the axisymmetric modes.
He goes on to state that, for each branch, one can select only 2n+1 linearly independent nonaxisymmetric modes, all other modes being linear combinations of the 2n+1 modes.
Kalnins [7] again examined axisymmetric modes of a complete spherical shell, but included the effects of bending. He also found that the frequency spectrum consists of two infinite sets of modes. He labeled one branch as flexural and the other as membrane, the distinction made on the basis of the comparison of strain energies due to bending and stretching of each mode 1 . However, he observed a fundamental difference in the lower branch behavior, as compared to Baker [4] , due to the inclusion of bending. He showed that the lower branch modes are a degenerate case of bending modes in the membrane theory, applicable only to zero thickness shells. When Kalnins introduced the bending theory, the frequency interval for this lower branch was found to extend to infinity for every non-zero thickness shell (rather than all modes being spaced within a finite interval of the frequency spectrum).
The upper (membrane) branch was nominally identical to that of Baker.
Niordson [8] rederived the equations for bending vibrations of a spherical shell in a somewhat different form. He examined the nonaxisymmetric modes as well, concluding that there exist n+1 (not 2n+1 as reported by Silbiger) modes at each frequency on each branch.
Observations in [8] made regarding nonaxisymmetric modes (e.g., the fact that they exhibit the frequency degeneracy identified by Silbiger [6] ) were similar, except for the number of independent modes anticipated.
Wilkinson [9] again investigated axisymmetric modes of a complete spherical shell, but with the effects of transverse shear and rotatory inertia included. Not surprisingly, he observed a third branch at higher frequencies because of the inclusion of shear deformations.
Shah, et al. [10] investigated nonaxisymmetric wave propagation in a hollow elastic sphere. They presented a shell theory in which the effects of transverse normal strain are included as are transverse shear and rotary inertia. This represents a progressive extension of earlier work cited above. Shah, et al., observed the presence of axisymmetric modes which are independent of the circumferential angle. They then state that, by a suitable superposition of the axisymmetric modes of vibration about different axes, but of identical natural frequency, a nonaxisymmetric vibration mode of the same frequency results, in agreement with observations made by Silbiger [6] and Niordson [8] . 1 A closed shell cannot undergo pure bending. A mode is either purely extensional (membrane) or combined bending-extensional, but can (on an energy basis) be "mostly" bending. Stated another way, no modes will be present for which the extension of the middle surface is identically zero.
Hirai and Kuroda [11] investigated the natural vibrations of a spherical shell of variable thickness in the meridional direction. They investigated nonaxisymmetrical vibrations. Unfortunately, results were only presented for a hemispherical shell. Furthermore, no general information regarding the role played by nonaxisymmetrical modes was given.
Evans [12] investigates nonaxisymmetric modes of a complete spherical shell, placing his results in terms of modal impedances. The work is limited to extensional effects for a thin shell, i.e., membrane theory only. Evans claims that Silbiger [6] overlooked the fact that there is a lack of orthogonality of certain of the nonaxisymmetric modes. Evans does, however, confirm Silbiger's observation that natural frequencies of nonaxisymmetric modes agree with their axisymmetric mode counterparts, i.e., that natural frequencies of the nonaxisymmetric modes are degenerate.
Useful numerical results on the vibration of complete spherical shells are presented in the ABAQUS/Standard Example Problems Manual [13] . Both axisymmetric and nonaxisymmetric comparisons are presented. For nonaxisymmetric modes, the first 20 eigenvalues were investigated. Indeed, as predicted by Silbiger [6] , 2n+1 linearly independent modes were recovered corresponding to each value of n investigated.
AXISYMMETRIC MODES OF VIBRATION
Axisymmetric modes are independent of the circumferential angle, q (See Fig. 2) . A detailed discussion of axisymmetric membrane modes of a complete spherical shell is presented in [4] . Modes of vibration are expressed in terms of Legendre Polynomials of integer indices, n. For each value of n ³ 2, there are two branches, i.e., two separate, but similar, mode shapes, and two distinct frequencies (For n = 0, there is only one real root, corresponding to the 'fundamental' membrane or 'breathing' mode; n = 1 corresponds to purely rigid-body displacement, i.e., no distortions).
The lower branch approaches an asymptotic value for large n, as described in [4] , which unfortunately appears to be physically meaningless because the intervals between the natural frequencies apparently become increasingly small [7] .
The elementary bending/membrane theory developed in [7] has a similar upper branch when compared against the membrane theory. However, the lower branch monotonically increases with integer index number when bending is included.
Natural frequencies for these axisymmetric bending/membrane modes are plotted as a function of index number in Fig. 3 Poisson's ratio n=0.29
Figure 2. Complete Spherical Shell
The upper and lower branches can be clearly seen in Fig. 3 .
In the higher-order theory [9] , which includes transverse shear and rotary inertia, a third, highest branch appears, associated with the shear-deformation degree of freedom introduced. However, this highest branch is of little interest here because the frequencies are so high. The lower and upper branches nominally agree with the elementary bending/membrane theory. Therefore, attention is given to the lower and upper branches in this paper.
A finite element model of a complete spherical shell using axisymmetric elements was developed for use with ABAQUS, using the above shell parameters. The first 26 modes extracted by ABAQUS are compared with the lowest 26 modes predicted by the higher-order theory of Wilkinson [9] in Table 1 , from which the following observations can be made:
1. The first 26 modes (in ascending numerical order) draw from both lower and upper branches.
2. The lowest mode (zero frequency) is the rigid-body mode, associated with the lower branch.
3. The so-called 'fundamental' mode is actually the tenth mode to appear. It is, however, the first mode of the upper branch. The implication is that beating effects could occur, resulting in the "strain growth" phenomenon [3] . Such effects were observed in experiments on complete spherical shells reported by Baker [4] and are the subject of a recent investigation by Whenhui, et al. [3] . 
NONAXISYMMETRIC MODES OF VIBRATION
As discussed primarily in [6] , nonaxisymmetric modes for a complete spherical shell do exist. Nonaxisymmetric modes depend upon both q and f (See Fig. 2 ). They are degenerate: frequencies are identical to corresponding frequencies of axisymmetric modes. Silbiger [6] attributes this to the spherical symmetry of the shell. He argues that the axisymmetric modes are defined with respect to a specific set of axes. Due to the symmetry of the shell, however, it can vibrate in similar modes with a different axis orientation. For a given set of "identical' modes (differing only in orientation), the modes will each have the same natural frequency. These axisymmetric modes of identical natural frequency can be superimposed to obtain new nonaxisymmetric modes that have the same natural frequency as the corresponding axisymmetric mode, but which are not symmetric with respect to any axis. Silbiger [6] goes on to state that, corresponding to each natural frequency, there exist 2n+1 linearly independent modes, all other modes (at that frequency) being linear combinations of these modes.
As discussed earlier, Niordson [8] , apparently unaware of the work of Silbiger, predicted that for each integer n>1, there is one axisymmetric mode and n nonaxisymmetric modes, leading to n+1 (rather than 2n+1) modes at the same natural frequency. His physical explanation of the degeneracy was, however, similar to that of Silbiger.
Actual spherical containment vessels contain deviations from spherical symmetry due to the presence of nozzles, not to mention significant manufacturing variations. Silbiger [6] points out that when such a deviation from spherical symmetry occurs, the above degeneracy is no longer present, and the particular modal frequency for generic integer index, n, on one of the solution branches will split into 2n+1 distinct frequencies. In a later paper, Niordson [14] similarly indicates that when spherical symmetry of a complete spherical shell is lost, the previously degenerate frequencies form into bands, with the bandwidth related to the degree of spherical asymmetry.
Two additional models were constructed and run on ABAQUS/Standard. The first was a full model of a complete spherical shell; the second was a full model of the spherical containment vessel, including ports. The expectation was that additional nonaxisymmetric modes would appear in both these cases, as the axisymmetric restriction of the spherical shell described in the previous section had been removed. A total of 200 normal modes of vibration were extracted using ABAQUS. Results for a limited number of selected modes are shown in Table 2 . Contents of the eight columns of Table 2 are as follow:
Col. 1: This is the number of the mode extracted, in order of increasing frequency (This is not the integer index, n).
Col. 2: This is the frequency (in Hz) predicted from the appropriate axisymmetric solution [9] . In addition, because of the relaxation of the axisymmetric boundary conditions, torsional modes can occur. These torsional modes were determined from [15] . Note further in Col. 2 that there are sets of "duplicate" frequencies, as predicted by Silbiger [6] . These correspond to the 2n+1 linearly independent nonaxisymmetric modes expected for each value of the integer index, n, for each branch.
Col.3: This is the appropriate value of the integer index, n, for the frequency value listed. This index was identified by comparing the ABAQUS-extracted frequency value of interest with predictions of the various branches of the bendingextensional (radial-tangential) modes given by Wilkinson [9] or the torsional modes [15] . Note that, in some cases for the particular geometry and material properties considered, frequencies of different modes overlap and there is some question of precise identification of the type, branch, and integer index value, n. While the precise identification of each mode does not appear essential here, what is significant is that modes in some cases are extremely closely spaced, possibly leading to a beating phenomenon and amplification of subharmonics.
Col 4: This column identifies the applicable branch of the observed modes.
Col. 5: This column gives the expected number of linearly independent modes, 2n+1, as predicted by Silbiger [6] . Frequencies are seen to be somewhat similar to the nonaxisymmetric shell results, although because of the true asymmetry in the model caused primarily by the presence of the nozzles, each mode has a distinct frequency. This is precisely the behavior predicted by Silbiger [6] : He predicted that the degeneracy would be removed, and 2n+1 distinct frequencies for each integer index, n, would appear for each branch. Fig. 4 .
EXPERIMENTAL OBSERVATIONS
The existence of 'lower branch' modes for dynamically loaded spherical vessels was first reported by Baker [4] . Both lower-and upper-branch participating modes were also reported in [16] on a vessel similar to that investigated herein. The two dominant (participating) modes were found to be the fundamental membrane mode (1397 Hz) and a lower branch mode at approximately 1100 Hz, based upon an FFT of a single strain-time record taken on the vessel outer surface. Moreover, Martineau [17] also performed an FFT of strain-time data recorded during the dynamic (High Explosive) response process on the outer surface of the vessel analyzed in this paper. He found several participating modes, as shown in Table 3 . Comparisons with modal frequencies from ABAQUS calculations are also indicated in Table 3 . Note that, with the exception of the 'fundamental' mode the precise identification of the participating mode in Table 3 is not necessarily assured in view of finite-element modeling approximations taken, including the neglect of the rather significant spatial variation in the vessel thickness due to the manufacturing process. It is clear, however, that modes from both lower and upper branches significantly participate in the transient vessel response, with several participating modes below the so-called 'fundamental' mode. 2. Corresponding nonaxisymmetric modes of a complete spherical shell were also accurately predicted by ABAQUS. Results confirmed the existence of the 2n+1 linearly independent, degenerate modes at each discrete frequency value. These degenerate modes, according to Silbiger, have identical mode shape, but are independent because an axis of symmetry cannot be uniquely be specified for a complete, free spherical shell.
3. Calculations using ABAQUS for a similar containment vessel with nozzles revealed that frequencies were somewhat similar, as expected. However, each modal frequency was found to be distinct, as predicted by Silbiger, suggesting that mode shapes of nonaxisymmetric modes are unique in this case.
